The critical behavior of two-dimensional n-vector λφ 4 field model is studied within the framework of pseudo-ǫ expansion approach. Pseudo-ǫ expansions for Wilson fixed point location g * and critical exponents originating from five-loop 2D renormalization group series are derived. Numerical estimates obtained within Padé and Padé-Borel resummation procedures as well as by direct summation are presented for n = 1, n = 0 and n = −1, i. e. for the models which are exactly solvable. The pseudo-ǫ expansions for g * , critical exponents γ and ν have small lower-order coefficients and slow increasing higher-order ones. As a result, direct summation of these series with optimal cut off provides numerical estimates that are no worse than those given by the resummation approaches mentioned. This enables one to consider the pseudo-ǫ expansion technique itself as some specific resummation method.
I. INTRODUCTION
Pseudo-ǫ expansion is known to be rather effective when used to estimate numerical values of universal quantities characterizing critical behavior of three-dimensional systems [1] [2] [3] [4] .
Moreover, even in two dimensions, where original renormalization group (RG) series are shorter and more strongly divergent, pseudo-ǫ expansion technique is able to give good or satisfactory results 1, [5] [6] [7] . To obtain numerical estimates from pseudo-ǫ expansions one applies a resummation technique since corresponding series have growing higher-order coefficients,
i. e. look divergent. In contrast to RG expansions in fixed and 4 − ǫ dimensions, pseudo-ǫ expansions do not need in advanced resummation procedures based on Borel transformation.
As a rule, use of simple Padé approximants turns out to be sufficient to obtain proper numerical estimates 3, [5] [6] [7] .
In this paper, we study the critical behavior of two-dimensional O(n)-symmetric systems within the frame of pseudo-ǫ expansion technique. The series for the Wilson fixed point location g * and critical exponents originating from the five-loop RG expansions will be derived for arbitrary order parameter dimensionality n. The pseudo-ǫ expansions obtained will be analysed in detail for n = 1, n = 0 and n = −1, i. e. for the models with exactly known critical exponents [8] [9] [10] . First of them (the Ising model) describes phase transitions in numerous physical systems including uniaxial ferromagnets and liquid mixtures while the second corresponds to a long polymer in solution 11 (self-avoiding walks). Three models mentioned may be considered as testbeds for clarification of the numerical effectiveness of various approximation schemes including RG perturbation theory and the method of pseudo-ǫ expansion. Numerical estimates for critical exponents will be extracted from the pseudo-ǫ expansions by means of Padé and Padé-Borel resummation techniques as well as by direct summation. The latter approach will be applied under the assumption that the best numerical results may be obtained by means of cutting divergent pseudo-ǫ expansions off by smallest terms, i. e. applying the procedure valid for asymptotic series.
II. PSEUDO-ǫ EXPANSIONS FOR GENERAL n
The critical behavior of two-dimensional systems with O(n)-symmetric vector order parameters is described by Euclidean field theory with the Hamiltonian:
where ϕ α is a real n-vector field, bare mass squared m , with the Green function, the four-point vertex and the φ 2 insertion normalized in a conventional way:
Starting from the five-loop RG expansion for β-function 12 , we replace the linear term in this expansion with τ g, calculate the Wilson fixed point coordinate g * as series in τ , and arrive to the following expression: 
Pseudo-ǫ expansions for other critical exponents can be deduced from (4), (5) using wellknown scaling relations. The series for the correlation length exponent ν, for example, results from the formula
It is worthy to note that in two dimensions only models with −2 < n < 2 undergo transitions into ordered phase, i. e. into the spatially uniform state with non-zero order parameter. From the physical point of view, the series obtained apply to this domain of n. On the other hand, two-dimensional phase transition models with n ≥ 2 are widely explored [12] [13] [14] [15] [16] [17] [18] [19] to evaluate numerical power of various lattice and field-theoretical approaches.
It looks instructive in this context to study τ -series (3)- (5) for n ≥ 2 as well. The first step in this direction has been recently done 20 .
III. CRITICAL EXPONENTS FOR
It is of major interest to analyze numerical results given by the obtained expansions for the values of n under which the model (1) is exactly solvable. That is why further we concentrate on the cases n = 1, n = 0, and n = −1. Pseudo-ǫ expansions for critical exponents we'll deal with are as follows:
The expansions for "big" critical exponents γ, ν and for their inverses are seen to possess coefficients which begin to grow from certain terms indicating that these series are divergent.
Moreover, they are not alternative, i. e. their coefficients have irregular signs. At the same time, lower-order coefficients in expansions (7)- (10), (12)- (15) and (17)- (20) decrease, and decrease more rapidly than their counterparts in the original RG series. This enables one to consider them as suitable for some resummation and getting proper numerical estimates.
The structure of pseudo-ǫ expansions for "small" exponent η is quite different. These series have positive coefficients of the same order of magnitude what makes questionable an applicability of any procedure employed nowadays for resummation of diverging RG series.
To demonstrate a power of various resummation techniques and to clear up to what extent they are necessary in the case considered we present below numerical results given by several relevant procedures. Namely, we evaluate critical exponents γ and ν for n = 1, n = 0 and n = −1 by means of the Padé resummation, by Padé-Borel resummation of the pseudo-ǫ expansions for exponents themselves and for their inverses, and by direct summation of the series (7)- (10), (12)- (15) and (17)- (20) . Direct summation is performed under the assumption that one can get the best numerical estimates cutting off divergent pseudo-ǫ expansions by smallest terms, i. e. adopting the procedure true for asymptotic series.
The results thus obtained are collected in Table I given by direct summation of series (11), (16) , and (21) are also included to give an idea about the accuracy of pseudo-ǫ expansion technique in the case of small critical exponent.
Before discussing content of Table 1 we present some details concerning the critical exponent values obtained. In principle, Padé resummation procedure is known to be rather effective when applied to pseudo-ǫ expansions for critical exponents and other universal quantities [3] [4] [5] [6] . It demonstrates, as a rule, good convergence if one works within high enough orders in τ . In two dimensions, however, the numbers given by Padé resummed expansions may converge to the values differing considerably from their exact counterparts. Padé triangles presented below illustrate this situation. The first one (Table II) shows most favorable situation -exponent ν at n = 0 -when numerical estimates regularly converge to the true value ν = 0.75. The second example (Table III) demonstrates that good convergence may not result in quite good numerical estimate: the asymptotic value ν = 0.606 differs appreciably from the exact one ν = 0.625 for n = −1. At last, from Table IV (the exponent γ, n = 0) one can see that fair convergence does not guarantee satisfactory numerical resultsthe estimates in this Padé-Borel resummation of the pseudo-ǫ expansion of the inverse exponent ν for n = 0 gives quite good numerical estimates (Table V) while estimates of ν for n = −1 and γ for n = 0 via inverse expansions (Tables VI and VII) "miss" the exact values. Moreover, Padé-Borel triangles for exponents γ and ν themselves at n = 1 and some others turn out to be halfempty because many Padé approximants are spoilt by "dangerous" (positive axis) poles.
IV. TO RESUM OR NOT TO RESUM?
Let us return back to Table I . As is seen, numerical estimates provided by Padé and Padé-Borel resummation techniques may i) be considerably scattered and ii) differ from the exact values no less than numbers given by direct summation of pseudo-ǫ expansions and of corresponding inverse series. On the other hand, direct summation of these expansions generates an iteration procedure which rapidly converge to asymptotic values that are as close to the exact ones as those obtained within various resummation methods. Figures 1-4 where partial sums of series (7) (8) (9) (10) and (12) (13) (14) (15) are depicted as functions of k, k being the order in τ , illustrate the situation. Filled rounds and triangles mark the points of optimal cut off, i. e. the order from which the coefficients of pseudo-ǫ expansions start to grow. Figures 1, 2 show the favorable cases when approximate values almost coincide with exact ones. Figures 3, 4 , to the contrary, show most unfavorable regimes when the difference between approximate and exact values turns out to reach 0.1. Analogous level of accuracy is observed when small critical exponent η is estimated. Indeed, the direct summation of the pseudo-ǫ expansion (see Table I ) and application of the resummation techniques result in numbers grouping around the exact values within the range of order of 0.1.
So, the resummation of pseudo-ǫ expansions for two dimensional models practically does not improve numerical estimates of critical exponents. Moreover, the direct summation leads
to approximate values which are as accurate as those resulting from original five-loop RG series (see Table I ). This enables us to conclude that estimating critical exponents in two dimensions within the pseudo-ǫ expansion approach one can use the simplest possible way to process the series -direct summation with optimal cut off 21 .
In this sense the pseudo-ǫ expansion itself may be considered as some special resummation method. There are two reasons for such a point of view. First, this approach transforms strongly divergent field-theoretical RG expansions into power series with much smaller lowerorder coefficients and much slower increasing higher-order ones. Second, the physical value of expansion parameter τ is equal to 1, while the Wilson fixed point coordinate g * playing analogous role within field-theoretical RG approach is almost two times bigger in two dimensions (g * = 1.84 − 1.86 for n = 1, 0, −1 12 ). This difference looks essential, especially keeping in mind importance of higher-order terms.
V. CONCLUSION
To summarize, we have calculated pseudo-ǫ expansions for dimensionless effective coupling constant g * and critical exponents of 2D Euclidean n-vector field theory up to τ 5 order.
Numerical estimates of critical exponents for models with n = 1, 0, −1 exactly solvable at criticality have been found using Padé and Padé-Borel resummation techniques as well as by direct summation with optimal cut off. Comparison of the results obtained with each others and with their exact counterparts has shown that direct summation of pseudo-ǫ expansions provides, in general, numerical estimates that are no worse than those given by resummation approaches mentioned. This implies that the pseudo-ǫ expansion approach itself may 8 be thought of as some specific resummation technique. Table V 
